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$\mathbb{C}$ (vertex operator algebra VOA;
VOA [LL] ) .
$Y(\cdot, /\gamma\vee)$ : $Varrow$ (End $V$ ) $[[z, \approx^{-1}]]$ ,
$v \in V\mapsto\sum_{m\in \mathbb{Z}’}\cdot t\}m^{\vee^{-nz-1}}\sim\in(Endt/^{\Gamma})[[\approx.\approx^{-1}]]$
. $u_{:}\cdot\iota’\in$ $u\cdot v:=u_{1}v$ , VOA O)
: $\iota\downarrow.\cdot c\in t_{2}^{r}/$ . , $\mathbb{C}$ .
.-
(G) $\dim t_{0}^{r}=1$ $\hslash$ : $\dim t_{1}^{r}=0$
. $X^{r}1,$)
$\sim$ ( )
$([FL_{1^{1}}\backslash I$ , \S 10.3] $[h^{-}I$ , \S 5] $)$ . (G)
$\mathbb{C}$- Griess .1
Jordan . Jordan . $\mathbb{C}$
$J$ , $a^{2}\cdot(b\cdot a)=(a^{2}\cdot b)\cdot a(a_{:}b\in J)$
$1T_{2}^{\vee}\vdash.l^{-}$. . $u_{3}v=(vl, \cdot\iota)1(\cdot n$ . $\iota\in\ddagger_{2}^{r}I$ , $(\cdot$ . $\cdot)$ $(1\in t_{0}^{\overline{c}}$ $\nu^{r}$ :
dini $\ddagger/0=1$ $lro=\mathbb{C}1$ ). $\cdot\cdot$Griess .
0’2. $(\cdot$ . $\cdot))$ [NS] ,
Griess .
1656 2009 89-96 89
. . ( ) Jordan ; $d\in \mathbb{Z}_{\geq 1}$
. Sym$d(\mathbb{C})$ $d$ . Sym$d(\mathbb{C})$
$A\cdot B:=(AB+BA)/2$ $(A. B\in Sym_{d}(\mathbb{C}))$ , $Sym_{d}(\mathbb{C})$ (
) Jordan .
. Ashihara $\backslash 1^{0}Iiyamoto$ [AM] : (Lam $[La_{t}$ \S 4.1] )
VOA .
1( $[A_{\perp}\backslash I]$ ; cf. [La. \S 4.1]). $d\in \mathbb{Z}_{\geq 1}$ $r\in \mathbb{C}$ $(i)\sim$ (iv)
VOA $V_{d_{t}r}^{1}’=\oplus_{rl\in\overline{u}’}’\geq 0$ ( $\acute$d,r), .
(i) $1_{d.r}^{r}$ $d\cdot r$ ,
(ii) $\ddagger_{d.r}/$ (G) ;
(iii) Griess $(t_{d.r}’)_{2}$ Jordan ,
(iv) Jordan $*$ $($ Vd. $\Gamma)_{2}\cong Sym_{d}(\mathbb{C})$ .
, VOA VOA
. , VOA $V_{d.r}^{\gamma}$ ( , $r\in \mathbb{C}$
$)$ . . [NS] ,
, VOA $t_{d.r}$ . [NS]
.
. $d=1$ M $L_{d.r}^{r}=l/_{1,r}$ Virasoro VOA $\Lambda I_{r_{t}0}/\langle L_{-1}1\rangle([W]$
) . , [$W$ , Lemma 4.2] , $\Lambda I_{r.0}/\langle L_{-1}1\rangle$
$r$ ( . . $l_{d,r}’\vee$
, $d\geq 2$ .
[NS] .
2. $d\geq 2$ . VOA $t/^{\ovalbox{\tt\small REJECT}_{d,r}’}$ . $r$
:
VOA $X_{d}^{t}.$’ $\Leftrightarrow$ $r\not\in \mathbb{Z}$
.l [NS] , $r\in \mathbb{Z}$ ( . $t_{d.\uparrow}$. ),
VOA $v_{d}^{r}$., ( ) explicit .
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lAshihara Miyamoto VOA.
1.1 $\mathcal{L}_{d,r}$ . , $d\in \mathbb{Z}_{\geq 1}$ . $\hat{\mathfrak{h}}$ $d$ Heisenberg
. , $\hat{\mathfrak{h}}$ $\{)|1\leq\cdot i\leq d$ . $m\in \mathbb{Z}\}U\{c\}$ $\mathbb{C}$
,
$[v^{i}(m)_{\}\iota^{j}(n)]=\vec{\delta}_{rn\neq r_{\backslash }0}\tilde{\delta}_{\dot{t},j}mc$ $(1\leq i, j\leq d:777_{:}n\in \mathbb{Z})\dot{(}$
$($ 1.1 $)$
$[c,$ $\hat{\mathfrak{h}}]=\{0\}$ ,
. $U()\ovalbox{\tt\small REJECT}\wedge$ $\hat{\mathfrak{h}}$
$U(\hat{\mathfrak{h}})/\langle c-1\rangle$ . , $\langle c-1\rangle$ . c–l $\in U(\hat{\mathfrak{h}})$ $L^{\gamma}(\hat{\mathfrak{h}})$
. $1\leq i$ . $j\leq d$ $m.,$ $n\in \mathbb{Z}$ .
$\iota^{i_{j}}(m. n)$ $:=t’{}^{t}(m)\iota^{j}(n)$ mod $\langle c-1\rangle$ (1.2)
,
$\mathcal{B}$ $:=\{v^{ii}(m, \eta_{l})|1\leq i\leq d_{\backslash }m_{\}n\in \mathbb{Z}$ with $m\leq n\}\cup$
$\{\cdot\iota^{i.i}1(m. n)|1\leq i<j\leq d;m,$ $\cdot n\in \mathbb{Z}\}$
. ,
$\mathcal{L}:=(Span_{\mathbb{C}}\mathcal{B})\oplus \mathbb{C}\subset U(\hat{\mathfrak{h}})/\langle c-1\rangle$
. , $x,$ $y\in \mathcal{L}$ , $[x\backslash y]:=xy-yx\in \mathcal{L}$
. $\mathcal{L}$ , .
, $r\in \mathbb{C}$ . $x,$ $y\in \mathcal{L}$ ,
$[x, \llcorner\iota/]_{\Gamma}:=\pi_{1}([.x,\cdot y])+r\pi_{2}([\prime x,y])$ (1.3)
. , $\pi_{1}$ : $\mathcal{L}arrow S_{P^{al1_{\overline{\mathbb{C}}}}}\mathcal{B}$ $\pi_{2}$ : $\mathcal{L}arrow \mathbb{C}$ $\mathcal{L}=$
$($ Span$\mathbb{C}\mathcal{B})\oplus \mathbb{C}$ Span$c^{\mathcal{B}}$ $\mathbb{C}$ . : $[\cdot i]_{r}$ $\mathcal{L}$
([AM, \S 2.1]). $\mathcal{L}$ , $\mathcal{L}_{d,r}$
.
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1.2 Verma $\mathcal{L}_{d.r}$ - $1’tI_{d.r}$ .
$\mathcal{B}_{-:=}\{?^{ij}|(7nl. n)\in \mathcal{B}|7\uparrow?\in \mathbb{Z}_{\geq 0}$ $n\in \mathbb{Z}_{\geq 0}\}$ ,
$\mathcal{B}_{-}:=\{\iota^{ij}(m. n)\in \mathcal{B}|m, n\in \mathbb{Z}<0\}$ ,
, $\mathcal{L}_{d_{\backslash }r}^{-\ulcorner}$ $:=(Span_{\mathbb{C}}\mathcal{B}_{arrow})\oplus \mathbb{C}\subset \mathcal{L}_{d.r}$ . , $\mathcal{L}_{d.r}^{+}$ $\mathcal{L}_{d.r}$
. 1 $\mathcal{L}_{d.r^{-}}^{\neq}$ $\mathbb{C}1$ ’ $x\cdot 1=0$ $(x\in \mathcal{B},)$ $s\cdot 1=s1(s\in$
$\mathbb{C}\subset \mathcal{L}_{d_{\backslash }r}^{+})$ .
$j1I_{d,r}:=U(\mathcal{L}_{d_{:}r})\otimes_{L’(\mathcal{L}_{d.r}^{+})}\mathbb{C}1$
.
, Poincar\’e-Birkhoff-Witt (PBW) . $\mathcal{L}_{d.r}$- $AI_{d.r}$ $\mathbb{C}$
. $\mathcal{B}$
-
$\succ$ ( ) . . $\mathcal{B}^{-}$
$\succ$ $S$ .
, $x=(x_{p}\succeq x_{p-1}\succeq\cdots\succeq x_{1})\in S(x_{q}\in \mathcal{B}_{-};1\leq q\leq p)$ :
$w(x):=x_{p}x_{p-1}\cdots x_{1}1\in\Lambda l_{d,r}$
. , PBW , $B:=\{u’(x)|x\in S\}$ $\Lambda I_{d.r}$ $\mathbb{C}$
.
$\Lambda I_{d,r}$ . $x=$ $(x_{p}\succeq Xp- l \succeq\cdots\succeq x_{1})\in S$ ,
$\iota_{q}=:^{i_{q}j_{q}}(rn_{q}. n_{q})\in \mathcal{B}_{-}(1\leq q\leq p)$ , $n(x)\in B$
$\deg(u(x))=-\sum_{q=1}^{p}(m_{q}+\cdot n_{q})\in \mathbb{Z}_{\geq 0}$
. ,
$\Lambda I_{d.r}=\bigoplus_{/n\in\dot{\infty}\underline{>}0}(1tI_{d.r})_{n}m$
. fi , $($ $I_{d.r})_{n}:=Span_{\mathbb{C}}\{b\in B|\deg b=n\}$ .
$(\Lambda I_{d,r})_{0}=\mathbb{C}1$ , $(\Lambda I_{d_{\tau}r})_{1}=\{0\}$ (14)
.
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1.3 VOA $t^{\gamma_{d.r}}$ . $1\leq i,$ $j\leq d$ $m\in \mathbb{Z}$ , $L^{ij}(m)\in$ End $(\Lambda I_{d,r})$
$L^{ij}(m)=\{\begin{array}{ll}\frac{1}{2}\sum_{h\in\overline{\dot{\simeq}’}}\iota^{i_{\dot{J}}}\}(m-h. h) (-i\neq j \text{ } m\neq 0 \text{ } )\text{ }\frac{1}{2}\tau^{ii}\rangle(0,0)+\sum_{h\in Z^{r}>0}1^{1}- ii(-h, h) (i=j \text{ } m=0 \text{ } ),\end{array}$ (1.5)
$\{L^{i_{1}j_{1}}(m_{1})L^{i_{2}j_{2}}(m_{2})\cdots L^{i_{p}j_{p}}(m_{p})1$
, $1^{\ovalbox{\tt\small REJECT}_{d.r}^{r}}$
$p\geq 0;1\leq i_{q:}j_{q}\leq d$ .
$m_{q}\in \mathbb{Z}(1\leq q\leq p)$
$\Lambda\prime I_{d_{2}r}$ . , $V_{d_{\tau}r}$ ( $I_{d_{J}r}$ )
: $l_{d,\cdot r}^{\Gamma}’=\oplus_{n\in \mathbb{Z}_{\geq 0}}(\iota_{d_{7}}^{r}.\cdot)_{n}$ , $(V_{d,r}^{\gamma})_{n}:=V_{dr,)}\cap(\Lambda I_{d.r})_{n}(n\in \mathbb{Z}_{\geq 0})$ .
(1.4) ( r)0 $=\mathbb{C}1$ $(V_{d.r}’\ovalbox{\tt\small REJECT})_{1}=\{0\}$ .
Ashihara Miyamoto [AM] .
1.1 $([Ai\backslash I])$ . (1) $|_{d,r}^{r}$, VOA : 1
$V_{d_{7}}’.\cdot$ $Y(\cdot, \approx):L_{d_{t}r}^{r}arrow$ End $(V_{d.r}\prime^{\dot{\theta}})[[\approx, \sim^{-1}?]]$ ,
$Y(L^{ij}(-2)1, \sim)=$
$\sum_{,m\in u’}L^{ij}(m)_{\sim}--\tau n-2$
$(1\leq i, j\leq d)$ ,
$Y(1, \approx)=id_{V_{d.r}}$
. , $l_{d,r}^{r}-$ 1 $\in(V_{d.r}^{\check{f}})_{0}=(\Lambda I_{d,r})_{0}$ , Virasoro
$\omega:=\sum_{i=1}^{d}L^{ii}(-2)1\in(V_{d_{t}r})_{2}\subset(\lambda I_{d,r})_{2}$ .
(2) $t_{d.r}^{r}$, (i) $\sim$ (iv) ( $\lceil$ \S 0 1 ).
(i) $V_{d.r}’/$ $dr$ ,
(ii) r (G) .
(iii) Griess $(V_{d,r})_{2}$ Jordan
(iv) Jordan $(t_{d.r})_{2}\cong Sym_{d}(\mathbb{C})$ .




1.2 ([NS] ). $d\geq 2$ . VOA $t_{d_{:}r}^{r}\int$
, $r$ :
VOA $I_{d_{\tau}r}^{r}$, $\Leftrightarrow$ $r\not\in \mathbb{Z}$
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2 1.2 .
, , $d\geq 2$ . 1.2 .
Step 1. VOA $1_{d.r}^{r}$ $\Lambda I_{d.r}$ .
. ( $d\geq 2$ ) $t_{d_{t}r}^{r}$, $I_{d.\dagger}$ , , . $t_{d.r}^{\prime^{7}}=\Lambda I_{d.r}$
$($ [NS. Proposition 3.1] $)^{}$
Step 2. VOA $V_{d.\tau}^{\Gamma}(=11I_{d.r})$ $\Lambda I_{d.r}$ $\mathcal{L}_{d_{i}r}$-
([NS. Proposition 3.4]). . VOA
. (Verma )
.
Step 3. Step 2 AId. $r$
. : $\mathcal{L}_{d.r}^{(1)}$ $\mathcal{L}_{d.r}$ $\mathcal{B}^{(1)}$ $:=\{\cdot\iota^{11}(m_{\tau}n)|m,$ $n$. $\in \mathbb{Z}$ with $m\leq$
$\Pi t?\cdot\}\subset \mathcal{B}$ r $\Lambda I_{d_{\backslash }r}^{(1)}$ $:=U(\mathcal{L}_{d,r}^{(1)})1\subset\Lambda I_{d.r}$ .
$(\mathcal{L}_{d.r}^{(1)}$ , , $\mathcal{L}_{1,r}$ Id(l,r) : $\mathcal{L}_{d.r}^{(1)}\cong \mathcal{L}_{1,r}$
. $/tI_{1,r}$ ). 3 , $i\backslash I_{d,r}$ $\mathcal{L}_{d_{\}r}$-
$A\prime tI_{d,r}^{(1)}$ $\mathcal{L}_{r\backslash }^{(1)}$- ([NS,
Proposition 4.1$])$ .
btep 4. $\lambda I_{d.r}^{(1)}$ $\mathcal{L}_{d.r}^{(1)}$- . ,
.
. $u\in\Lambda I_{d.\mathfrak{s}}^{(11}\backslash \mathbb{C}1$ , $m+n>0$ $\iota^{11}(m. n)\in \mathcal{B}^{(1)}$
$\iota^{11}(m, n)n=0$ ?( $\mathcal{L}_{d_{\backslash }r}^{(1)}$
.)
$u$ . $ll$. $\mathcal{L}$d(l.r) $U(\mathcal{L}_{d_{\backslash }r}^{(1)})\iota\iota$ $I_{d.r}^{\langle 1)}$
. $\Delta$I . .
$n$. .
2 $d=1$ . $\grave$ $l_{1.r}’\subsetneqq\Lambda I_{1.r}$ .
94
, . $r\not\in \mathbb{Z}$ I )
1 ([NS, Proposition 5.1]).
$r\in \mathbb{Z}$ 1 . .
, ( 12
).
2.1 ( $[NS$ , Proposition 6.1]). $r\in \mathbb{Z}$ . . $p,$ $\nu\in \mathbb{Z}\geq 1$ $r=1-2\nu+p$
. : $(\det V_{p})^{\iota\ovalbox{\tt\small REJECT}}1\in$ .
,
$V_{p}:=(\iota!^{11}(-s.-t))_{1\leq s_{\}t\leq p}$
. $(V_{p}$ $\mathcal{B}_{-}^{(1)}:=\mathcal{B}^{(1)}\cap \mathcal{B}_{-}$ $p\cross p$ . $\mathcal{B}_{-}^{(1)}$
$V_{p}$ )
2.2 ( $[NS_{9}$ Proposition 6.4]). $1tI_{d.r}^{(1)}$ , 2.1
( ) . ,
$x$ $:=\{(\det V_{p})^{\nu}1|p,$ $\nu\in \mathbb{Z}_{\geq 1}$ with $r=1\cdot-2\nu+p\}\subset$ $I_{d}^{(1)}$ (2.1)
$\mathcal{L}_{d.r}^{(1)}$- $1f_{d_{\backslash }r}^{\vee(1)}$ $\uparrow \mathfrak{s}^{\check{l}},d_{\backslash }r(1)$ J. ( )
$\mathcal{L}_{d.r}^{t^{7}1)}$- .
, $r\in \mathbb{Z}$ , r , r ( )
. . (2.1) X $(\subset$ $I_{d_{:}r}^{(1)}\subset$ r $=$
.
2.3. $I_{d.r}$ X ,r . $I_{d.r}$ ,
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